Interference governs a wide variety of fundamental effects in physics and it is considered one of the most fascinating phenomena in nature. Interest in distinguishing between interference effects produced by classical or quantum superpositions was largely motivated by the observations of Hanbury Brown and Twiss (HBT) [1] [2] [3] . In addition, the rich physics produced by the interference of random optical waves -such as those produced by pseudothermal light -has been extensively studied [4] . For example, it has been recognized that optical vortices are ubiquitous in random light [5] , and that the phase distribution around these optical singularities imprints a spectrum of orbital angular momentum (OAM) onto the light field [6] .
order classical correlations and their quantum counterparts in optics, as well as in condensed matter and particle physics [9] [10] [11] . Fundamental bounds or metrics for correlation functions have been identified for a wide variety of degrees of freedom, such as in polarization, time, frequency, position, transverse momentum, angular position and OAM [3, 8, 12] .
The chaotic or random nature of light is an essential element of the HBT effect. Moreover, the chaotic properties of light have been investigated and applied in a wide variety of other contexts. For example, speckled light, intimately related to pseudothermal light, has played a fundamental role in the advancement of optical physics, imaging sciences, and nanophotonics, where the study of fundamental topics such as transport phenomena, localization of light, optical vortices and correlations that resemble quantum effects have shown novel physics produced as a consequence of the chaotic properties of light [4, [13] [14] [15] [16] [17] [18] [19] [20] . This has motivated interest in the design of random lasers or disordered structures that scatter light in random directions, which serve as sources of pseudothermal light [4, 21] .
As identified by M. V. Berry, optical vortices produced by the interference of random waves are inherent elements in chaotic light [5] . Interest in this field has exploded since the recognition of a special class of vortices that carry OAM, characterized by an azimuthal phase dependence of the form e i φ , where is the OAM number and φ is the azimuthal angle [22] . The azimuthal properties of light, described by the conjugate variables angular position and OAM, have shown potential for technological applications in information science, remote sensing, imaging, and metrology [23] [24] [25] [26] . In astrophysics, recent theoretical studies have predicted that rotating black holes imprint an OAM spectrum on light, and that the measurement of this spectrum could lead to an experimental demonstration of the existence of rotating black holes [7] . In addition, the optical vortex coronagraph has allowed the observation of dim exoplanets by canceling a diffraction-limited image of a star [27] . More recently, it has been proposed to use the rotational Doppler shifts for astronomy [28] .
Spatial and temporal coherence properties of optical vortices have been investigated in different contexts [8, 12, [29] [30] [31] [32] . Nevertheless, the azimuthal effects produced by correlations of intensity fluctuations of pseudothermal light remain to be studied. Here we report on an extensive study of the azimuthal properties of pseudothermal light and its correlations. We demonstrate first-and second-order azimuthal interference in different regimes of pseudothermal light that are characterized by different degrees of randomness. We observe a classical interference structure similar to that observed using entangled photons. We identify a regime where first-and second-order interference coexist. Further, we introduce a novel and general form of interference that can be considered as the azimuthal HBT effect. These effects are produced by the presence of second-order correlations in angular position and OAM. Our description of azimuthal correlations of pseudothermal light shows some similarities with the azimuthal EPR correlations [8] . Experimental setup used to study first-and second-order azimuthal interference. A solid state Millenia X laser at 532 nm illuminates a digital micro-mirror device (DMD). The DMD displays a series of Kolmogorov phase screens at a rate of 1.4 kHz and acts as a source of pseudothermal light. An aperture with two angular slits and a phase pattern with specific OAM values are encoded onto a spatial light modulator (SLM). The positive and negative diffraction orders, which correspond to a positive and negative OAM values, respectively, are coupled into single-mode fibers (SMFs). Single photon counting modules and a coincidence circuit are used for joint detection of photons.
First-and Second-Order Interference. Our exploration of azimuthal interference of pseudothermal light was conducted with the experimental setup depicted in Fig. 1 . The first part of the setup comprises a solid state laser working at 532 nm, a digital micro-mirror device (DMD) and a 4f optical system containing a spatial filter in the Fourier plane. By encoding amplitude and phase information on a DMD we have designed a compact and controllable source of pseudothermal light with Kolmogorov statistics, that are typically used to model chaotic fluids [33, 34] . We introduce a sequence of random phases onto the transverse profile of the beam, dynamically updated at the rate of 1.4 kHz (see supplemental material). Similar to the traditionally used rotating ground glass plate, our source modifies the spatial and temporal coherence of the beam in a chaotic fashion [35, 36] . However, it offers the possibility to carefully tune the chaotic properties of the beam by modifying the Fried's coherence length r 0 . The shaped beam is imaged onto a spatial light modulator (SLM), where two angular slits and a forked diffraction grating are encoded. This diffracts the beam into multiple diffraction orders. The first positive and first negative diffracted orders correspond to projections onto a positive and negative OAM value, respectively. Both diffraction orders are collected by single-mode fibers (SMFs), measured by two avalanche photodiodes (APDs) and then correlated. The resolution time of each measurement is 42 ns and the accumulation time is 15 s.
We represent the optical field after the two angular slits Ψ(r, φ) as E(r)Φ(r, φ)[A(φ) + A(φ − φ 0 )], where E(r) is the optical field from the laser, Φ(r, φ) is a realization of the chaotic phase screen on the DMD, and A(φ) is the transmission function of the angular slits, which is assumed to be centered at 0 radians, whereas
is the transmission function of the slit centered at φ 0 . We image Ψ(r, φ) onto the SLM, on which different OAM masks are displayed. For each measurement of OAM we impress several hundreds of phase screens, all of them characterized by a fixed value of Fried's coherence length. The contribution from each OAM measurement can be described by a p defined as rdrdφ(2π) −1/2 R * p (r)e −i φ Ψ(r, φ), where R * p (r) is a radial function and p the radial index. The measured intensity for each OAM projection I can be described as p |a p | 2 . In order to measure the produced azimuthal interference we have repeated the experiment for = −15 to = 15. The averaged intensity in the first diffraction order is given by
where α is the width of the slits. The average of the intensity over an ensemble of different realizations of the field, corresponding to different realizations of chaotic phases is denoted by ... 
, where r 1 and r 2 represents the radial coordinate of the first positive and negative diffraction order, respectively. The last term, G 2 , shows an interference pattern that oscillates in OAM with twice the frequency as I , this is described by
The experimental results for the second order degree of coherence ∆G (2) are shown in Figs. 2 (e)-(h).
These can be described using G and G 2 . For a coherent beam, G is the dominant contribution to ∆G (2) , although it decreases when the degree of the spatial coherence of the source is reduced. As expected, the second-order interference for a coherent beam (see Fig. 2 (e)) oscillates with the same OAM frequency as the first order interference pattern (see Fig. 2 (a) ). When the source of pseudothermal light is used, the contribution from G 2 becomes significant, this term in contrast to G , does not decreases with the degree of spatial coherence of the source as can be seen from Eq. 2 (see Figs. 2 (f)-(h)). For example, in Fig. 2(f) , the contribution from G 2 is smaller than G , note that the significance of G 2 increases with the degree of show the corresponding second order interference given by ∆G (2) and figures (i)-(l) show the estimated degree of secondorder coherence g (2) . We choose α to be π/12 and the separation φ 0 is π/6. Bars represent data, while the line is the theoretical curve predicted by theory.
randomness or intensity fluctuations in our source, namely, as the source becomes more spatially incoherent.
As our analysis suggests, this behavior can be expected for any partially coherent beam. The corresponding degree of second order coherence g (2) is shown in Figs two APDs and the outputs are sent to a correlator. We set the parameter r 0 of the pseudothermal source of light to 150 µm. We encode two angular slits in each SLM, with the same characteristics as before. In one of the arms we project the slits onto a fixed OAM value, whereas a series of OAM projections are performed in the other arm. This is analog to the utilization of a moving detector and a fixed one in the original experiment performed by HBT [2] . The intensity of light remains almost constant in the arm with a fixed OAM number, whereas the second detector measures an interference pattern with low visibility as described by Eq. 1 (see Fig. 2 (c) ) .
In the experiment, we set the fixed OAM number to 0 = +2, while we scan through different OAM numbers on the SLM located in the other arm, from = −16 to = +16. We then repeat the experiment setting the constant OAM number to 0 = −2. When the output of both detectors are correlated, two interesting effects are observed. The first is the increase of visibility in the interference pattern with respect to first-order interference; a form of induced coherence. The second effect is marked by a shift in the OAM spectrum generated by the interfering beams. The latter effect is rather surprising, given that the OAM modes are defined by their phase structure. Normally, intensity correlations are assumed to be independent of phase. This effect is described by I I 0 (see supplemental material). For the fluctuations of our source of pseudothermal light, G , 0 is the dominating term in I I 0 , which takes the form In recent years, the interest for utilizing beams carrying OAM has grown in astronomy but unfortunately the propagation through random media produces chaotic phase fluctuations of optical vortices [29] . This poses serious problems for methods based on OAM of light, limiting their application [23, 30] . It has been suggested that imaging schemes based on second-order correlations are robust against turbulence [37, 38] .
Due to this, we anticipate that the azimuthal HBT effect offers the possibility of exploring novel phenomena in astrophysics, such as the studies of relativistic dynamics produced by rotating black holes [7] . (2) plotted as a function of the OAM value displayed in arm 2, for a fixed OAM value displayed in arm 1, shows interference fringes. The bar in dark blue shows the center of the interference pattern for singles counts (see Fig. 2 (c)) , whereas the purple bar shows the center of the displayed interference pattern. (c) shows that strong correlations are measured when same OAM values are displayed on both SLMs. A similar behavior is observed for correlations in the angular position variable (d).
Angular-position-OAM correlations. The strength of correlations in angular position and OAM produces azimuthal coherence that gives rise to the peculiar interference structures that we discussed above.
Given this fact, we describe second-order correlations of pseudothermal light in angular position and OAM.
The superposition of random waves produces an OAM spectrum in pseudothermal light. In our experiment, depicted in Fig. 3 , the OAM spectrum is controlled by the Fried's coherence length. The OAM spectrum increases with the fluctuations of light. We set the Fried's coherence length to 70 µm and this produces a broad OAM spectrum that remains almost constant within the range of OAM that we measure.
The first SLM is used to perform a projection to a fixed value of OAM, and a series of forked holograms is used to scan through different values of OAM in the second SLM. The measured intensity for a single value of OAM projected on the SLM, I can be approximated to r 2 dr 2 dφ 2 |E(r)| 2 g(r) 2 , where g(r) is the Gaussian mode supported by the SMF (see supplemental material). However, when we measure coincidences from the output of the two detectors, the same OAM values contained in the OAM spectrum of pseudothermal light show higher correlations, see Fig. 4 (c). This can be described by
In this case, the indices 1 or 2 represent the OAM projection in arm 1 or 2, respectively. These correlations show two significant differences with the correlations observed in spontaneous parametric down-conversion We have generated Kolmogorov phase screens for varying levels of simulated randomness by using the approximate power spectral density of Φ(f ) ≈ 0.023r A DMD can be used to manipulate both the phase and amplitude profile of a light beam. A translation in a binary diffraction grating will cause a phase shift to occur in the diffracted light, while varying the duty cycle of the periodic grating will change the efficiency, and thus the amplitude of the diffracted beam.
Both of these techniques can be done locally in order to spatially control both the phase and amplitude of the beam. The generated Kolmogorov screens were then converted into binary diffraction gratings to be displayed on a DMD.
We used the Texas Instruments LightCrafter Evaluation Module (DLPC300) which drives a Texas Instruments DLP3000 DMD. The DMD contains an array of 608 × 684 micromirrors with a total diagonal length Figure 5 : Example frame sent to DMD containing 24 binary holograms encoded in bit plane slices of 7.62 mm. The DMD was operated in a mode that allowed a binary pattern to be displayed at a rate of 1440 Hz. The DMD takes a 24-bit color 60 Hz signal over an HDMI connection. Since the image contains 24 bits, a single video frame can contain 24 binary images. In this mode, the DMD will cycle through the least significant bit to the most significant bit in the blue signal of a frame. Then the DMD will display the bits in the red signal, and finally the green signal. 72 000 Kolmogorov screens were encoded into 3000 24-bit frames for each value of Fried's parameter r 0 = 70 µm, 150 µm and 210 µm. Figure 5 shows an example of one of the generated frames sent to the DMD. This frame contains 24 binary holograms encoded in the bit planes of the image to be displayed sequentially. 
Derivation of Azimuthal Pseudothermal Interference.
Here, we derive the equations utilized in the manuscript, we start by describing first and second order interference of pseudothermal light. We assume that the beam of light from our laser is described by the electric field E(r), where r is the radius in the transverse plane. In addition, we assume that this field does not have any azimuthal dependence. We encode a random Kolmogorov phase screen onto the beam, which is described as Φ(r, φ). Later, the field illuminates two angular apertures at the angles 0 and φ 0 . Thus the field after the two slits is given by
As described in the manuscript, we emulate the widely used ground-glass plate with a series of phase screens that change rapidly in comparison to the accumulation time of the measurement, thus creating an ensemble of field realizations. We now want to find the intensity of the field at a given OAM eigenstate. We designate a complete radial basis, although we need not make an explicit choice of basis. Any transverse function can be written as
where
Then, the measured intensity after projecting the beam onto an OAM number is given by
√ 2π
which is simplified by using the fact that
. Now we replace Ψ(r, φ) with the electric field after the two angular slits described by Eq. 1. For simplicity, we approximate A(φ) with δ(φ)
and A(φ − φ 0 ) with δ(φ − φ 0 ), the advantage of this approximation is shown below
Now we take the ensemble average to get
The finite size of the slits produce an envelope, caused by diffraction, that modulates the interference pattern. If a slit with a width α is considered, the interference pattern is roughly determined by In intensity, the total diffraction is described as α π 2 sinc 2 α 2 (1 + cos ( φ 0 )). Taking into account this result, the first order interference-diffraction pattern can be estimated by I =
2 + e −i φ0 Φ * (r, 0)Φ(r, φ 0 ) + e i φ0 Φ * (r, φ 0 )Φ(r, 0) . We now need to develop appropriate approximations for the above averages. For Gaussian noise we will have
For a coherent beam r 0 r and we can estimate Φ * (r, 0)Φ(r, φ 0 ) = 1. As r 0 decreases the coherence function vanishes and the dependence on disappears. The expression for intensity now becomes
rdr |E(r)| 2 exp(−αr 2 ) + c.c. .
As r 0 decreases, α increases and most of the contribution to the integral comes from r ≈ 0, since the integrand is zero at that point, the integral vanishes identically. For pseudothermal light, the dependence on vanishes away. Now we derive an expression for the correlations between two positive and negative OAM projections
where the three contributions are given by
.c., and (15)
Finally, we need to estimate the ensemble averages for these quantities. For pseudothermal light, the term G does not contribute significantly to I I − . A similar situation remains for the components of G 0 that arise from four point coherence functions. For G 0 , the contribution from the four point coherence function is identically zero when r 1 = r 2 . Second order interference for pseudothermal light can be described as
if
is approximated with delta functions, one can obtain
For the case of pseudothermal light we can approximate I I − as follows
Diffraction introduced by the slits with finite size adds the following modulation:
cos 2lφ0 2π 2 r 2 dr |E(r)| 4 .
As described in the manuscript, another consequence of second order interference is azimuthal HBT interference, this can be estimated from Eq. 13. In this case, the product of intensities is I I − 0 , where 0 describes the constant OAM value displayed in one of the SLMs. In contrast to the previous case, these correlations produce four contributions, one is constant G 0 given by
second term oscillates with a frequency given by e −i φ0 . However, the strength of this term is defined by Ψ * (r, 0)Ψ(r, φ 0 ) , which can be negligible for pseudothermal light. The frequency of the third component is stabilized by e −i( + 0)φ0 , whoze strength is dictated by Ψ * (r, 0)Ψ(r, φ 0 )Ψ * (r, 0)Ψ(r, ψ 0 ) , which is also very small for pseudothermal light. The main contribution is given by a term that shows a shift in the OAM spectrum of the interference pattern, this is described by
Angle-OAM Correlations.
In this section we perform the calculation for the angle-orbital angular momentum correlations. The light that emerges from the DMD is given by E(r)Φ(r, φ). We make two copies using a beam splitter and find the coincidence of projections on two different modes of light. Let us first discuss the projection of one of the beams. The amplitude of projection is given by a = rdrdφE(r)Φ(r, φ) e
where g(r) is the radial profile of the single mode fiber. The intensity is given by
Therefore the expected value of the intensity is given by I = r 1 dr 1 r 2 dr 2 dφ 1 dφ 2 E(r 1 )g(r 1 )E(r 2 )g(r 2 ) e −i (φ1−φ2) 2π Φ(r 1 , φ 1 )Φ * (r 2 , φ 2 ) .
We are considering the case of highly fluctuating light and thus the coherence function can be approximated using a delta function. The result of the integral is then given by 
The important point is that this quantity is independent of the value of . Now let us derive the case of two coincident projections. The amplitude of coincident projections is given by
We measure the rate of this coincidence which is given by 
Note that the integral over φ vanishes unless 1 = 2 . Thus, we can write
which is consistent with the experimental observation.
We can perform a similar experiment to find the correlations between two angular positions. For the case of a single beam (no beam splitter), the amplitude of the projection is given by a φ = rdrE(r)Φ(r, φ)g(r).
It follow that the intensity at the one of the detectors is given by
If we now add the beam splitter and find the probability of the coincidence of two beams, we get I φ I φ0 = r 1 dr 1 E(r 1 )g(r 1 ) × r 2 dr 2 E(r 2 )g(r 2 ) (33) × r 3 dr 3 E(r 3 )g(r 3 ) × r 4 dr 4 E(r 4 )g(r 4 ) × Φ(r 1 , φ 1 )Φ * (r 3 , φ 3 )Φ(r 2 , φ 2 )Φ * (r 4 , φ 4 ) .
Similar to the OAM case, we get two contributions. One can show that
which is consistent with the observations in the experiment.
